[1] Surface waves are modulated and scattered by topographic variations, rough interfaces, and medium heterogeneities with the propagation around the Earth. Scattered surface waves appear as wave trains between multiple direct arrivals in long-period seismograms. The single isotropic-scattering model for Rayleigh waves of the fundamental mode successfully explained observed mean square (MS) envelopes of vertical-component seismograms. However, it is necessary to consider multiple scattering process for more accurate simulation of envelopes for a wide range of lapse time. Extending the radiative transfer equation for a flat surface, we mathematically formulate the multiple isotropic-scattering process on a spherical surface. We can solve this integral equation using the Laplace transform in time and the spherical harmonics expansion in angular space. The time trace of energy density corresponding to the MS envelope can be obtained by using the inverse Laplace transform. Analyzing 12 IRIS station data of the 1999 Kocaeli, Turkey earthquake for 80-180 s periods, we estimated the total scattering coefficient g 0 % 2 Â 10 À6 1/km and the total attenuation Q À1 % 8.475 Â 10 À3 for the fundamental-mode Rayleigh waves. The multiple scattering model explains observed envelopes better than the single scattering model; however, synthesized envelopes are still smaller than observed envelopes at lapse times larger than about 20,000 s. It suggests that we need to study scattering and dispersion of higher modes in addition to the multiple scattering of the fundamental mode especially at large lapse times, because higher-mode Rayleigh waves attenuate more slowly and spread out more rapidly compared with those of the fundamental mode. 
Introduction
[2] Surface waves propagating around the spherical Earth are modulated and scattered by topographic variations, rough interfaces and medium heterogeneities with lapse time increasing. Scattering of surface waves has attracted interests of geophysicists as a possible tool for measuring the inhomogeneous structure of the Earth. There were various approaches for the forward calculation of surfacewave scattering due to lateral heterogeneity and vertical discontinuities and attempts to invert for the inhomogeneous structure from the surface-wave analysis [Snieder, 1986; Friederich et al., 1993; Pollitz, 1994; Meier et al., 1997a; Maupin, 2001] . Most of these formulations were based on the Born approximation or its some extensions, where some focused on the mode coupling and the medium anisotropy. There were practical measurements of the medium heterogeneity in the world on the basis of those surface wave inversion methods [Snieder, 1988; Marquering and Snieder, 1996; Meier et al., 1997b] . In addition to the above deterministic approaches, there was a stochastic approach to the wave propagation through media having random rough interfaces: Park and Odom [1999] developed a theoretical method to solve the Bethe -Salpeter equation that stochastically represents multiple scattering process.
[3] Stacking removes incoherent scattered waves and microseisms and clarifies direct arrivals of the fundamental mode and higher modes of Rayleigh waves [Shearer, 1994] . On the contrary, it is very useful to measure directly the excitation of scattered waves for studying the medium heterogeneity. For periods shorter than 1 s, stochastic studies on the excitation of coda waves of local earthquakes have brought fruitful information about the small-scale lithospheric heterogeneities [Aki and Chouet, 1975; Sato, 1977; Zeng et al., 1991] in addition to structure studies based on the velocity tomography [e.g., Zhao et al., 1992] . Even at long periods as of the order of 100 s, the stochastic analysis of Rayleigh-waves' envelope could be useful for the description of scattering characteristics of large-scale heterogeneities in addition to the mantle tomography for the velocity inhomogeneities. Sato and Nohechi [2001] first paid attention to seismograms envelopes in long periods. Applying a phase-less two-pole Butterworth filter in the forward and the backward directions to seismogram and smoothing its square with the time constant of the central period, we get mean square (MS) envelope. Figure 1 shows MS envelopes of vertical-component velocity seismograms of the Kocaeli, Turkey earthquake (Mw 7.4; 17 August 1999; 40.64°N, 29 .83°E, 15 km in-depth) for 80-180 s periods recorded at 12 IRIS stations in the world. Figure 2 shows angular distances and azimuths of the 12 stations used. In order to clarify the temporal change, the MS envelope at station AFI is drawn by a solid curve as an example, and the others by gray curves. We focus on that wave trains have concave envelopes between multiple direct arrival peaks of Rayleigh waves such as R 1 , R 2 , R 3 and so on. We also find a common decay curve for all the station data for a wide range of lapse time. Sato and Nohechi [2001] explained such characteristics of observed MS envelopes based on the scattering of the fundamental-mode Rayleigh waves due to distributed random heterogeneities. As a preliminary work, representing mathematically topographic variations and medium heterogeneities by a random distribution of point-like scatterers, they proposed a single isotropic-scattering model for the envelope synthesis as the first order perturbation of the radiative transfer equation. Analyzing vertical-component seismograms of the 1999 Kocaeli, Turkey earthquake, they reported that the total scattering coefficient g 0 , which represents scattering power per unit area of the Earth's surface, is about 2 Â 10 À6 1/km for periods from 100 s to 200 s. For more accurate envelope syntheses for a wide range of lapse time, it is necessary to consider multiple scattering process in the mathematical formulation.
[4] The main objective of this paper is to formulate the multiple isotropic-scattering process of Rayleigh waves of the fundamental mode on the spherical Earth in the framework of the radiative transfer theory. Next, we will theoretically synthesize Rayleigh-wave envelopes for the case of a strike-slip fault source. Analyzing vertical-component seismograms of the 1999 Kocaeli, Turkey earthquake by using this model, we estimate the total scattering coefficient in a long-period band. Then, we will discuss about possible future studies of the envelope synthesis in a wide lapse time range.
Radiative Transfer Equation on a Spherical Surface

Geometry and Radiative Transfer Equation
[5] Extending the single scattering model of S-wave energy in Euclid space [Sato, 1977 [Sato, , 1993 Sato and Fehler, 1998 ], we here formulate the scattering process of surfacewave energy propagating with background group velocity V on a spherical surface of radius R, on which point-like isotropic scatterers of total scattering cross-section s 0 are randomly and uniformly distributed with number density n.
In the formulation, we use values for all physical quantities in a frequency band around the central frequency f. The random distribution of scatterers assures the incoherency of scattered waves, which justifies the addition of the power of scattered waves. The scattering power per unit area on the spherical surface is given by the total scattering coefficient g 0 , which is defined as a product of s 0 and n. We note that 1/g 0 and 1/V g 0 are the mean free path and the mean free time, respectively. The basic idea is the same as those given by Sato and Nohechi [2001] : distributed lateral heterogeneities including vertical discontinuities, topography and interface variations are mathematically represented by one parameter g 0 . This is a kind of stochastic modeling of distributed heterogeneities.
[6] Here isotropic scattering is assumed from the outset. In general, scattering pattern is nonisotropic and has several lobes depending on periods and modes. The maximum strength of each lobe takes the same order value irrespective of scattering angle when the wavelength is much longer than the characteristic scale of medium heterogeneity. When the non-isotropic-scattering coefficient is expanded as Fourier series with respect to scattering angle, the lowest order term given by the angular average is the total scattering coefficient g 0 , which represents isotropic scattering, and higher order terms represent nonisotropic scattering [see Sato, 1994b] . Therefore, the isotropic-scattering assumption does not only make mathematics in modeling simple but also the resultant envelope serves as a reference envelope for the study of nonisotropic-scattering contribution.
[7] First, we put a source at the North Pole and use the spherical coordinates (R, q, f) on the spherical Earth as illustrated in Figure 3 . Total energy W is radiated from the source with radiation pattern È(f), where the normalization condition H È(f)df = 2p. For an impulsive radiation from the source WÈ(f)d(t), introducing correctly the geometrical spreading factor on the sphere, we can write the radiative transfer equation for energy density E at a receiver at angles q and f and at time t as
where the angles q 0 and f 0 and the time t 0 are for the last scattering point, and 0 q, q 0 p and 0 f, f 0 2p. In spherical coordinates, the propagator G at time t and angles q and f from time 0 and angles q 0 and f 0 is written by
where cos q 00 = cos q cos q 0 + sin q sin q 0 cos(f À f 0 ) according to the spherical trigonometry [see Lay and Wallace, 1995] . The symbol d 2p represents a delta function having a periodicity of 2p. Two delta functions show propagation along the minor arc and the major arc on the great circle path. We first assume no intrinsic absorption as shown in (2). Later we will introduce intrinsic absorption for the practical synthesis of envelope.
Radiative Transfer Equation in Nondimensional Form
[8] We scale physical quantities by using the radius R, the background group velocity V and the total energy W as
where 1/g 0 is the mean free path measured by the radius R and is also the mean free time measured by the travel time for the Earth radius R/V. Then, the radiative transfer equation in nondimensional form for the normalized energy density is written by
where the normalized propagator is
We will solve the above equations (4) and (5) in the following.
Laplace Transform and Spherical Harmonics Expansion
[9] We define the Laplace transform of function
Then, the Laplace transform of the radiative transfer equation (4) is written aŝ
The LHS of (6) can be expanded as a series of spherical harmonics with respect to angles q and f,
where
Figure 3. Geometry of a source, a receiver and a last scattering point on the spherical earth.
and
This choice of phase factor i l in front of the associate Legendre function P l m is different from usual one, but it is the most natural from the viewpoint of the theory of the addition of angular momenta [Landau and Lifshitz, 1989] . Normalized eigen functions for variable f are given by
Spherical harmonic functions with different l and m are orthonormal:
The propagatorÀ(q,f;q 0 ,f 0 ;s) can be expanded aŝ
where the addition theorem for Legendre functions P l is used. A product ofÀ and È is also expanded aŝ
Then, the radiative transfer equation (6) is written as a relation between expansion coefficients:
where the orthonormal condition (11) is used.
[10] Substituting (14) into (7) and using the inverse Laplace transform, we can formally obtain the normalized energy density in space-time domain:
In order to evaluate (15), we first calculate the Laplace transformÀ:
Substituting (16) into (12) and using (11), we obtain
Explicitly writing Legendre functions as polynomials, we can analytically integrate (17) 
, and so on. Substituting (16) into (13) and taking the same procedure, we get
[11] The source radiation pattern can be expanded by using eigen-functions (10):
Real condition for È = È* gives Substituting (19) into (18), we havê
where we used the orthogonal relation
00 . Explicitly writing Legendre functions as polyno-mials, we can analytically integrate (21). We note thatĥ lm (s) = (À1) Àmĥ l;Àm *(s) for m < 0. Especially for m = 0, we havê h l0 (s) =x l (s). Substituting (17) and (21) into the RHS of (14), we obtain the formal solution in the Laplace domain. [12] For the case of a strike-slip fault source with strike 0°a nd dip angle 90°, the radiation pattern of Rayleigh-wave energy having four lobes is given by
In this case, independent nonzero components areĥ l;0 (s) andĥ l;4 (s), where we note thatĥ l;À4 (s) =ĥ l;4 (s). That is, the only nonzero components areê l;0 , andê l;AE4 in (14).
Envelope Synthesis With Intrinsic Absorption
[13] For absorbing media, multiplication of the exponential decay factor e Àg i V t ð¼ e Àg i t Þ is the way to introduce the contribution of intrinsic absorption, where g i = Q i À1 2pf/V at frequency f and g i = g i R is the normalized intrinsic absorption factor. Scattering loss and intrinsic absorption give the total attenuation, Q À1 = (g 0 + g i )V/2pf. In the Laplace domain, it is equivalent to replacing the parameter s with s + g i in (14). Then, the normalized energy density in the space-time domain (15) becomes
[14] For the practical evaluation of (23), we decomposê e l m into three terms: the direct term, the single scattering term, and the multiple scattering term for orders higher than or equal to two:
In parallel, the normalized energy density in time domain is also decomposed as e q; f; t ð Þ¼È f ð ÞÀ q; f; 0; 0; t ð Þ e Àg i t þ e S q; f; t ð Þþe M q; f; t ð Þ ð25Þ
Each normalized energy density in space-time is calculated independently.
Single Scattering Term
[15] Terminating the summation over l at a finite value l Max in (23), we approximately evaluate the single scattering term as
The single scattering term can be written as an integral over radiation angle [see Sato and Nohechi, 2001, equations (14) and (15)]:
where the multiplicity is given by
[16] Figure 4 shows a comparison of two different kinds of simulations for the normalized single scattering energy density versus normalized lapse time at q = 93.54°and f = 222.89°for a strike-slip source radiation having strike 0°a nd dip 90°, as an example. This location corresponds to station HKT for the case of the 1999 Kocaeli, Turkey earthquake source. An oscillatory solid curve and a gray curve are calculated based on the inverse Laplace transform (26) with l Max = 18 and the integral (27), respectively. In order to make oscillatory curves between direct arrivals smoother we need to put l Max larger in (26). We will use the integral (27) for the envelope synthesis of the single scattering term in the following.
Multiple Scattering Term
[17] For calculating the multiple scattering term in (23), we use the inverse Laplace transform, where we may terminate the summation over l at a finite value l Max instead of infinity:
In summary, for practically calculating the normalized energy density in time domain (25), we use (5) for the direct term, (27) with (28) for the single scattering term and (29) for the multiple scattering term of orders higher than or equal to two.
Asymptotic Behavior
[18] In order to see the asymptotic behavior, it is easy for us to imagine that the energy uniformly spreads over the spherical surface due to scattering with lapse time increasing. The scattered energy density increases according to 1 À e Àg 0 t in the case of no intrinsic absorption, where the second term represents the decrease of direct energy due to scattering loss. Scattered energy density dominates at lapse time t ) 1/g 0 . In the presence of intrinsic absorption, the average of scattered energy density of all orders over the spherical surface becomes
It gives the asymptotic time trace for e S (q, f, t) + e M (q, f, t). We note that the temporal decay is mostly controlled by intrinsic absorption factor at large lapse time.
[19] The average of scattered energy density for multiple scattering of orders higher than or equal to two becomes
It gives the asymptotic time trace for e M (q, f; t).
Analysis of Vertical-Component Seismograms of the 1999 Kocaeli, Turkey Earthquake
[20] We analyzed MS envelopes of vertical-component seismograms of the 1999 Turkey earthquake recorded at 12 IRIS stations as illustrated in Figures 1 and 2 : AFI, BILL, CCM, HKT, LCO, MA2, MAJO, PMG, PMSA, SFJ, TSUM, and YSS. The MS envelope corresponds to the energy density at each station. The data processing used is almost the same as that of Sato and Nohechi [2001] ; however, the period-band of 80 -180 s is more precisely chosen to eliminate the Airy phase around 200 s than that in the previous analysis. In Figure 5 , we show MS envelopes observed (bold curves) at three stations (AFI, BILL, and HKT) as examples. Large peaks appearing on these traces are multiple direct Rayleigh arrivals of the fundamental mode that propagate with the group velocity of 3.64 km/s. The dispersion of group velocity of the PREM model is small in this period band [Dziewonski and Anderson, 1981] . There are some contributions of higher modes with smaller amplitudes that propagate faster than the fundamental mode. Total attenuation of the fundamental-mode Rayleigh waves is estimated to be Q À1 % (8.475 ± 0.625) Â 10 À3 from the ratio of time integrals of R 1 and R 3 phases, and those of R 2 and R 4 phases. We used the time integral around peaks in order to correct the time width broadening due to small velocity dispersion. The attenuation estimated is consistent with that reported in Kanamori [1970] .
[21] The earthquake source is a right-lateral strike-slip fault for which the geometry is strike 92°, dip 79°, and rake 178°according to the USGS CMT solution. Approximating the dip angle 90°for simplicity and neglecting the directivity due to rupture propagation, we may write the source energy radiation pattern of Rayleigh waves as È(f) = 2sin 2 2(f À 92°) (see Figure 2) . The total energy radiated is evaluated to be W = 9.46 Â 10 15 (nm/s) 2 km 2 for 80-180 s periods from the average of the time integrals of R 1 phases and R 2 phases at 12 stations with corrections of radiation pattern, geometrical spreading and attenuation, where we let ) the dimension of energy density as a square of velocity amplitude in nm/s.
[22] In order to describe the direct arrivals of synthesized MS envelope we use a boxcar function. The time width of the boxcar is chosen to increase with lapse time increasing because of small dispersion of observed group-velocity 3.60-3.67 km/s, which is in harmony with the group velocity dispersion 3.58 -3.80 km/s predicted by the PREM model [Dziewonski and Anderson, 1981] . We fixed the group velocity V = 3.64 km/s except for the synthesis of the direct term, since scattered energy density curves vary little except near around direct arrivals even if there is small velocity dispersion. Comparing theoretical MS envelopes for three different values of g 0 = (1, 2, and 4) Â 10 À6 1/km with observed MS envelopes at 12 stations especially in a time window between R 1 and R 2 phases, we find that g 0 = 2 Â 10 À6 1/km gives the best fit. This value is the same as the previous estimation [Sato and Nohechi, 2001] with the application of the single isotropic-scattering model to observed envelopes for periods 100-200 s. The best fit theoretical envelopes (fine curves) are shown with observed MS envelopes in Figure 5 . Theoretical envelopes well explain the concave shape of observed envelopes between direct arrivals for lapse time earlier than about 20,000 s.
[23] Theoretical envelopes predicted by the multiple scattering model are larger than those of the single scattering model at large lapse time; however, the theoretical envelopes are still smaller than the observed envelopes at lapse time larger than about 20,000 s. We also note that the theoretical envelope decay is steeper that the observed envelope decay. Figure 6 shows theoretical envelopes for three values of the total scattering coefficients g 0 = (1, 2, and 4) Â 10 À6 1/km at station AFI for the fixed total attenuation Q À1 % 8.475 Â 10 À3 . In order to make the fit better at larger lapse time, we need to take the g 0 value much larger than 4 Â 10 À6 1/km, but the theoretical envelope becomes larger than the observed envelope between R 1 and R 2 phases. If we take g 0 values much smaller than 1 Â 10 À6 1/km, the intrinsic attenuation increases for the fixed Q À1 value, and then the theoretical envelope more rapidly attenuates.
[24] In Figure 7 , in addition to the observed MS envelope (solid curve) at AFI, we plot the best fit total theoretical envelope calculated according to (25) by a bold solid curve and the contribution of multiple scattering term of orders higher than or equal to two according to (29) with l Max = 14 by a fine solid curve. The contribution of multiple scattering is small since the lapse time range is still smaller than the mean free time 1.4 Â 10 5 s; however, we note that the single scattering term (27) does not only represent simple single scattering but also multiple contribution of single scattering of long ray paths as given by (28) since scattering occurs on the finite spherical surface. The average scattered energy density of all orders (30) plotted by a bold gray broken curve well explains the asymptotic behavior of the theoretical envelope. We also note that the average of multiplescattering energy density (31) (fine gray broken curve) well represent the multiple scattering energy density even at lapse time smaller than the mean free time. It means that we may use (31) as an approximated representation of the multiple scattering term.
Discussion
[25] The multiple isotropic-scattering model for Rayleigh waves of the fundamental mode well explains observed MS envelopes of vertical-component seismograms in long periods. The coincidence between theory and observation is good at early lapse time; however, the envelopes theoretically simulated becomes smaller than the observed envelopes at large lapse time and the decay gradient of theoretical envelope is steeper than that of observed envelopes at large lapse time.
[26] We can imagine a few possible origins for such a discrepancy. The excitation of higher modes is much smaller than that of the fundamental mode; however, the velocity dispersion of higher modes is larger and their intrinsic attenuation is smaller than that of the fundamental mode [Dziewonski and Anderson, 1981; Lerner-Lam and Jordan, 1983; Tanimoto, 1984] . In the modeling we have restricted the scattering process to the fundamental mode only; however, consideration of higher modes would be important for explaining the smaller decay rate of observed envelopes at large lapse time. We know that the excitation ratio of Rayleigh to Love waves and the excitation of various modes depend on the focal mechanism and the focal depth. Analysis of three-component seismograms will be helpful to clarify the contribution of conversion scattering process between Love and Rayleigh waves. The f-k analysis of array data will be useful to distinguish predominant modes having different propagation velocities with lapse time increasing.
[27] Even at small lapse time, when we examine the curvature of concave envelopes between the direct arrivals, we find a small difference between observed and synthesized envelopes. A possible origin for such a difference could be due to the isotropic-scattering assumption. It is necessary for us to examine the non-isotropic-scattering pattern due to various kinds of heterogeneities based on wave theoretical studies [ see Snieder, 1988] . We will have to develop the radiative transfer theory for non-isotropic-scattering process on a curved space extending the mathematics established for a two-dimensional Euclid space [Sato, 1994b] . We also need to consider the envelope broadening by diffractions and forward scattering due to slowly varying velocity inhomogeneities, which are observed in body wave seismograms [Sato, 1989] .
[28] We note that the total scattering coefficient is a phenomenological parameter used in the radiative transfer theory. It is necessary to relate this value with the medium heterogeneity such as velocity inhomogeneity and/or depth variation of interfaces. It is very important for that purpose to establish a solid relation between the radiative transfer equation for scattering media and the stochastic study of wave propagation in heterogeneous media. We note that there were several studies for body waves along this line [Sato, 1994a; Ryzhik et al., 1996; Bal and Moscoso, 2000; Margerin et al., 2000] ; however, there have been few studies for surface waves.
Conclusion
[29] On the basis of the radiative transfer theory, we have succeeded in formulating the multiple isotropic-scattering process of the fundamental-mode Rayleigh waves propagating around the spherical Earth. The radiative transfer equation is written as a convolution integral by using a propagator describing multiple arrivals of direct wave energy density. By using the Laplace transform in time and spherical harmonics expansion for angle, we can solve the radiative-transfer integral equation. We can analytically calculate the time trace of the energy density that corresponds to the MS envelope especially for the case of strikeslip fault source. This model well explains the general characteristics of observed MS envelopes of vertical-component seismograms in long periods. Analyzing of 12 IRIS station data of the 1999 Kocaeli, Turkey earthquake, we estimated the total scattering coefficient g 0 % 2 Â 10 À6 1/ km and total attenuation Q À1 % 8.475 Â 10 À3 for 80-180 s. But the theoretical envelopes becomes smaller than observed envelopes as lapse time becomes larger than about 20,000 s even though multiple scattering is considered. We also note that the decay gradient of theoretical envelope is steeper than that of observed envelope at large lapse time. These discrepancies suggest that we need to study scattering and dispersion of higher-mode Rayleigh waves at larger lapse time since they attenuate more slowly and spread out more rapidly compared with the fundamental mode. We need to study conversion scattering between the fundamen- Figure 7 . Plots of MS envelope observed at station AFI for 80 -180 s periods (solid curve) and the best-fit theoretical MS envelope (bold solid curve) given by (25) for g 0 % 2 Â 10 À6 1/km and Q À1 % 8.475 Â 10 À3 . A fine solid curve shows the contribution of multiple scattering of orders higher than or equal to two (29). Bold and fine gray broken curves show asymptotic curves (30) and (31), respectively. tal and higher modes, and that between Rayleigh and Love waves, too.
